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What are the root causes of these industrial accidents?
Floating-point calculations!

Ariane 5 Vancouver Stock Exchange Intel Pentium Bug
$370 millions Index drop -50% $475 millions
| Overflow | | Rounding error | | Bug in floating-point division |

.

pentium™

Wikipedia [ESA] [Insider] Wikipedia

For more stories on this subject:
Forum on Risks to the Public in Computers and Related Systems
ACM Committee on Computers and Public Policy


https://www.businessinsider.com/us-soldiers-heading-to-israel-for-joint-missile-training-2012-10?utm_source=copy-link&utm_medium=referral&utm_content=topbar
https://www.esa.int/ESA_Multimedia/Images/1998/01/Ariane_501_explosion#.ZFlowmS8kPU.link
https://fr.wikipedia.org/wiki/Ariane_5
https://en.wikipedia.org/wiki/Pentium_FDIV_bug

To build a numerically robust scientific pipeline is complex
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Numerical stability is a recurring topic in HPC

o Numerical errors at every step

e Large and complex codes

e Long-lifespan code (10~30 years)

e Hardware and software updates

e Architectural evolution cycle

e Highly heterogeneous architectures



How does numerical variability arise?

IEEE-754 standard floating-point model

Floating point arithmetic (enCOding sign  exponent significand
. . [LTTTTTT |1
real number in computer) has limited e i
. . . . e = (—1)" % 2% % L.myma...my
precision, is not associative and has
. . . . . 'I s
deterministic roundlng. This leads to: 0.332 0333 | 0334 0335

e Rounding-error, catastrophic 103
cancellation, overflow, underflow

e Snowball effect: errors accumulate

e OS, software and hardware updates
amplify this snowball effect

e lll-conditioned problems are
sensitive to these perturbations




How does numerical variability arise?

Floating point arithmetic (encoding
real number in computer) has limited
precision, is not associative and has
deterministic rounding. This leads to:

e Rounding-error, catastrophic
cancellation, overflow, underflow

e Snowball effect: errors accumulate

e OS, software and hardware updates
amplify this snowball effect

e lll-conditioned problems are
sensitive to these perturbations

IEEE-754 standard floating-point model

sign  exponent significand

Encode scientific notation

= (—1)" % 2% % L.myma...my

1/3
0.332 03533 l (LM [+ 57

123

P

Monte Carlo Arithmetic (MCA)

part of Stochastic Arithmetic family
sign  exponent significand

| | virtual precision m

‘ Simulate round-off errors with randomness

1/3

L3352 (15 54 l 0,334 0,335

& -



https://citeseerx.ist.psu.edu/document?repid=rep1&type=pdf&doi=3b55cfb2325bc081f113612204733c2a3bd650fe

Metrology

Precision Trueness Accuracy

FIGURE 2.3 - Illustration of the concepts of precision, trueness, and accuracy in the context of
numerical computation. Each black point represents the result of an execution. These points
coincide if the execution is deterministic. Accuracy is a strong property that requires both
precision — that the empirical results are not too far from each other — and trueness — that the
empirical results is centered on the theoretical result.

e Accuracy and trueness are hard to measure without ground truths
e Precision does not require a reference



lll-conditioned system

e Solves Ax=b using Cramer’s rule
( 0.2161 0.1441 _ 0.1440
C1.2060 0.8648 /T \ 0.8642

e Exact solution is x=(2 -2)

e Condition number
~2.5x108 — 28 bits

e 1000 MCA repetitions per precision
Significant digits

T
$=~logz (Iﬁl)

e Signal to noise ratio magnitude

e Rigorous extension in

Virtual precision:

x0

53 / 53 bits EE— ©F1C¢ 010X

= +1.9999999994
x1l = -1,9999999990

binary32 (p=24) — x=(1.50000000000000000 -1.50000000000000000)
binary64 (p=53) — x=(1.99999999583666366 -1.99999999722444244)



Is increasing precision always enough?

Muller's sequence:

e To which value converge this sequence?

g = 2

wy, = 4 1= —4

1130 3000
e = 111 — —— +
Ly Upitly—
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Muller's recurrence - deterministic round-to-nearest
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float32
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Is increasing precision always enough? NO

Muller's sequence:

e To which value converge this sequence?
o Exactvalueisb...
o butitconverges to 100 for any finite precision arithmetic

Muller's recurrence - deterministic round-to-nearest

g = 2 )
i, = ¢ M= —4
ey = 111 — 1130 + 3000

Ly Upitly— Un

The recurrence converges to 6 in exact arithmetic. In floating - » [oat1n
point arithmetic, however, rounding errors perturb the floaiors
h - P «  floates
computed trajectory toward the spurious limit 100, one of the 10° { . Fostian
other roots of the fixed-point polynomial:
o 1 2 3 - 3 L] T ] ® 1 10 12 13 14 1% 18 17 1@ 1§ MM I 2 M M 1M WM 1T M N W

£3 — 11142 + 1130t — 3000 = (¢ — 5)(t — 6)(¢ — 100) ’




Is increasing precision always enough? NO

Muller's sequence:

e To which value converge this sequence?
o Exactvalueisb...
o butitconverges to 100 for any finite precision arithmetic
o using MCA helps visualising the bifurcation

Muller's recurrence - 10000 verificarlo stochastic-rounding repetitions (binaryG4)

g = 2

o= 4 =—4

! 1130 3000
e = 111 — —— +

Ly Upitly—

The recurrence converges to 6 in exact arithmetic. In floating-
point arithmetic, however, rounding errors perturb the -
computed trajectory toward the spurious limit 100, one of the 1
other roots of the fixed-point polynomial:

n
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Verificarlo architecture

Aficorlo

() github.com/verificarlo/verificarlo

L8 Frontend Backend Post-processing
"\?:I'V" ———————————
2 Sempling fo it
embarassingl I = quad (mea)
LLVM paﬁq]lelgsr : > vprec :
C/C++ ReplaceFP | ||| —— | ——m— Ra
Fort — tion b > w
i | e o] L pcontso| o |
% P TE].
e Compiler based on clang (C,C++) / flang (Fortran) sgnificentcigits
e Replaces floating-point operations with generic function calls
e Instrumentation occurs before code generation (catching compiler optimizations effects)
e Selection of alternative floating-point models (backend) at runtime
e Linux/x86-64 / AArch64 architectures

[Denis15, Chatelain18, Chatelain19, Sohier21, Pepe26.1]


http://github.com/verificarlo/verificarlo

VPREC: Evaluating reduced-precision dynamically

s exponent pseudo-mantissa

| RRREEEN

r T*— binaryle ~ —> T P

By setting r = 5 and p = 10, VPREC simulates a binary1l6 embedded inside a
binary32

VPREC (Virtual PRECision)

Emulates reduced precision in software (faithful rounding)
Fine granularity (exponent & mantissa bits)

Low overhead (3~15x)

Integrated into Verificarlo and Verrou

Allows testing new formats dynamically (without recompilation)

" [Chatelain19]
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Coupling VPREC with temporal analysis

Strategies for finding the best
configuration, combining temporal
analysis and reduced precision

Step 1991 [MIECEWISE] Domain [0, 10) p=27

St -+ - -+ -+ " - -
inary 16
Active damai
== o Sthedue
o 1 2 3 & k] & K 8 k]

Iteration (k]

0.3183003861837207 156 518 return x_klj
0.3183008861837907 156 518 !

ko xe Ea
0 O0.0G60026644T0TGTA5 011 037 ssuble sevsos(desbls =03 {
1 0.1230846130203058 021 070 double x_k;
2 019E5T46566605835 0.43 143 double x_kil=x0;
3 0.2732703630721015 0.84 270 donkls b=Pl;

. de {
4 0,311936981 510009646 1.7% 5.45 k& = % K1
5  0.3181822936100336 3.40 113 Tkl w 1 ke{Z=bex_k);
6 0.3183093350302471 679 226 T owbile C(fabal(x_ki-x_k)fx_k)
7 031E3098861837825 136 452 ¥= la-1B)
8
q

Table: (feft) Convergence speed of Newton-Raphson for the computation of the
inverse of = using the IEEE-T54 binary6d format (right). Highlighted digits in
red are non significant

Piecawise

VPREC Solution Convergerde Speed
534 == p =10 514 e o dd=
L] [N 501 o o mnn Pl
w1 F R e ¥ 4
L] A == ] VL = i .
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Ew F Em
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2
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] [+
0 1 : * 4 % & 7 B % o 1 % 3 4 3 & T 8B %

et (] Eeration (k]

[Chatelain19]



Exploration on an industrial use case: YALES2

Solver for two-phase combustion A-DEF2 using preconditioner M~ and deflation matrix W.

e From primary atomization to pollutant prediction » In blue the coarse grid and green the fine grid

Deflated Preconditioned Conjugate Gradient > deflated part = [blue, entire application = green + 'blue

e Fine grid is geometrically projected on a coarse grid Require : A.b.M™ ', W
e CGis applied on the coarse grid and on the fine grid initialization
for k = 0,1,... until required convergence do
rﬁ.TWk

Q41 =
p/ Apx

Xpt1l = Xk + Opp1 P
Mkl = Mk — Q1 APk

Solve Adyi1 = WT(AM™! = N

-1
Wir1 = M ha — Wdia

B
M W41
Br+1 = ——

miemeinm 2 CERFACS

end for CENTRE EURDPEEN DE RECHERCHE ET O FORNATION AVANCEE EN CALCUL SCENTIFIOUE
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Mixed-precision improves performance

Reduced precision helps to:
e Speed up calculations
e Reduce memory footprint
e Reduce the volume of exchanged communications (MPI)

—_— maxmm = ilerdefl camveril virlizal precision

maxnorm IEEE iterdef IEEE camverit IEEE bimary32 mantissa size

L

F10-

Herdef
maxnenm
convirit

i F o

£ 30 L b
T e ]
£ o = o
g A <
= O
2 101 ™
£ .
= T T T ll T T T T
] 20 40 (1] L] 20 4 =
Iteration Iteration

Fig. 5. Adaptive precision searching on YALES2's DPCG with the deflaved part (le ft)
and the entire code (right). On both plots, we can see that our reduced precision
solution follows the reference IEEE convergence profile.
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[Chatelain19]

Speedup



Python code instrumentation

erificarlo -+

——
o ——

\/Concordia

[Kiar20,Pepe26]


https://github.com/verificarlo/fuzzy

PRISM : Probabilistic Rounding with Instruction Set Management

Mathod = PRISMUD = PRISM 38 = CESTAC = ‘Veirou CESTAC = Verrsu SR = FM SR ® MCARR
Clasa=s ClassgsA

EE— EE—
B —
e Low-overhead implementation of Stochastic E— [ —
Rounding (SR) [Fasi21] F‘ F
e Vectorized implementation (based on Google Highway) — I —
e Selects “best” implementation at runtime = o
o x86-64: SSE4.2, AVX, AVX2, AVX-512, ... :  ——— e
e Uses direct instrumentation for better g B ol
performance . =
o No backend change possible at runtime (VFC_BACKENDS) rereen s
o Virtual precision selectable q'__._.— =—
— Makes SI%Pytorch tractable on CPU - -
i ( 3 3
m PyTDrCh o 50 100 150 00 0 50 100 150 200
Slowdewn (relative o IEEE) Slowdewn (relative 1o IEEE)

|
.- .
-Iﬂ-rI
ﬂ i Figure 2: Compearizson of slewdowns across munerical variahility analysis tools for NAS Parllel Benchmarks
docker o dataset § and A, relative 1o the IEEE binaryGd baseline,

21


https://github.com/big-data-lab-team/fuzzy-pytorch
https://github.com/big-data-lab-team/fuzzy-pytorch
https://github.com/big-data-lab-team/fuzzy-pytorch
https://github.com/big-data-lab-team/fuzzy-pytorch
https://github.com/big-data-lab-team/fuzzy-pytorch
https://github.com/big-data-lab-team/fuzzy-pytorch
https://github.com/big-data-lab-team/fuzzy-pytorch
https://github.com/big-data-lab-team/fuzzy-pytorch
https://github.com/big-data-lab-team/fuzzy-pytorch

PRISM: SR 50x faster than SOTA tool

o MNIST [LeCungs]
- : Inference execution time for Method * IEEE * Verrou CESTAC * Verrou SR = PRISM UD » PRISM SR

10,000 images (single-thread) ﬂ

anLM [ChenZZ] MNIST FastSurfer WavLM
S p e eC h reco g n it i O n Figure 3: ﬁu:u|m.ri.-ﬂm of instrumsentation muntimes weross DL models
Parkinson’s detection

.
(=]
“ O

bt
c-
v D

FastSurfer [Henschelzo]
U-net type CNN

Complete brain segmentation
Execution time per slice

-
Qe
"

Mean Runtime (sec)
=1
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[
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Comparison of the numerical quality of embeddings

Fuzry UD werrou CESTAC fuzzy SR Verrou S8

Test cases:
e MNIST: First convolutional layer. (Top)
e FastSurfer: Output of the 2nd decoder block. (Bottom)

Results:
e MNIST: stable embeddings
e FastSurfer: Low quality in the background of the embeddings but
stable final outputs

Origin of instability (FastSurfer):
e |ocalized outside the brain region
e Caused by unstable indices generated by max-pooling
e Post-processing masks the instability in the background

Conclusion:
e Consistent results between Fuzzy PyTorch and Verrou.

i P —
2 | (-

. ;
3 4 5 2|
Significant Digits len

2l
8
&8

i el o SR
[Pepe26.2]



Ensuring numerical quality through software updates

To use numerical variability to quantify acceptable bound on results:
e Proof-of-concept on neuroimaging (fMRIPrep)
e Generalizable to other domains

Subjects

i threshabd

Pod @na.uo
| Gnegnet

Automatic detection of a
significant change
introduced with the LTS
20.2.5 version

Unwermté ["\ Stﬂnfﬂl’d

B R e don I Iniverel v

[Chatelain24]



How to identify numerical instabilities?
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https://github.com/verificarlo/fuzzy
https://github.com/big-data-lab-team/pytracer
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To trace precisely the numerical instability

Hoirt
Signaficant digits evolution Signeficant digits evolution

Same function, different behavior ..,............. ;.,—-\-—-1 —
e Trace of Simpson’s integral (abinit) W\\’WM\“ ‘“ ¥
e 1 color = 1 call-site path (CSP) " -
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W’M

1820 ?

® CO m pe nsated VerS|On Imp roves Figure :v::::ul Figure 9: :‘:::::ulul
p reC|S|O n (DOtZ, [Ogl ta 02]) Figures show profiles produced by VeriTracer of simp_gen. Several accuracy losses present in the onginal version
(fig. 8) are improved by the compensated algorithm Dot2 (fig. 9). Each color maps one of the 31 distinct CSPs,
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® precision drop-s for s.malle.r values %0 -lo 0 s 10 s ol
e potential for dimensionality A o TR .
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Fig. 6. Precision of the randomized_svd function in the face_recognition example using the geswd SYD method and RR. Figs. 6(a). 6(b),
and 6(c) show respectively the values {7, X and ", Result precision is lower for smaller singular values and this 0ss of precision transiates to singular
vectors. It would be mteresting %0 investigate the use of numerical precision for dmensionality recuction,



Conclusion

Three takeaways

e Numerical error is measurable:
o stochastic arithmetic tums "do | trust this result?"
into an observable quantity, without needing a
ground truth

e More precision is not a silver bullet:
o Muller's sequence converges to the wrong value at
every finite precision
o ill-conditioning has to be diagnosed and not out-
precisioned

e The same instrumentation answers three

different questions:
o is itright? (SR)
o how little precision do | need? (VPREC)
o where does it break? (VeriTracer, PyTracer)

What the toolchain gives you today

e One compilation, several numerical models

selected at runtime
o no recompile to switch backend or virtual precision

e Full-stack coverage:
o C/C++/Fortran (Verificarlo)
o Python & libm (Fuzzy)
o PyTorch (PRISM / Fuzzy PyTorch)

e Overheads compatible with real workloads:
o VPREC 3-15x%
o PRISM ~50x faster than state-of-the-art SR
o SR on Al models is now tractable on CPU

Demonstrated end-to-end

e YALES2 — mixed precision cuts time,
memory footprint, and communication
volume on a production combustion
solver

e FastSurfer — instability localized to max-
pooling index selection, outside the brain
mask; final segmentation stable

o fMRIPrep — automatic detection of a
significant numerical change introduced
atLTS 20.2.5
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IEEE-754 floating-point model

IEEE 754 Binary Interchange Formats

IEEE-754 standard floating-point model

sign  exponent significand

|

Encode scientific notation

P ] ']
= (=1} %2 x Lmyma...my

Format Total bits Sign Exponent Fraction Precision p Bias Decimal
digits
hinarv1i (half) 16 1 b 10 11 15 == 3.3
hinarvi2 (single) 32 1 b 23 24 127 = 7.22
hinarvGd (double) Gl 1 11 n2 A 1023 2= 15,95
128 1 15 112 113 16353 == 34.02

hinaryv12s
[quadruple)

Format

Smallest positive subnormal

Smallest positive normal

Largest finite value

binaryv1i
binary32
hinaryGd

binaryv128

24 8

2

== 50605 = 10
2718 o 013 = 107
9=1074 o 4 0407 » 10~

— 1 G490 T, o —
LB o g TR e 11960

bl

P 14 . [
271 2 51035 % 10
9126 o 1 1755 = 10738

21698 = 33621 x 1019

G5504
= 34028 « 10
= 1.7O7T = 10778

== 11807 x= 104932

For normal numbers, p includes the implicit leading significand bit. Exponent field 0 encodes geros and subnormals; the all-ones exponent encodes infinities and NaNs



Stochastic rounding methods
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Google’s Highway Library

C++ library with a DSL to express vector instructions

Static mode with code generation for target architectures

Dynamic mode with automatic selection of the best architecture at runtime

Wide range of supported architectures and ISAs:
o Arvmv7+ : Neon and SSE

IBM Z: z14, z15

POWER : PPCS8, PPC9, PPC10

RISC-V : RW

WebAssembly : WASM

x86 : SSE2, SSSE3, SSE4, AVX2, AVX3 (AVX-512F),

AVX3_DL, AVX3_ZEN4, AVX3_SPR

Very good compromise between

performance, portability, and modularity!

O O O O O
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Fig. 1: Difference between the Fl scores obtained at reduced and double precision (p = 52 bits) with 3.0 MB of memory
and 5 trees. Negative valoes indicate that the instrumented implementation performed worse than the oniginal. Color shades
represent the standard deviation in the corresponding Mondrian Forest. The grey lines at 0,05, 0.05 are for reference only
The 7 ordering of data points tested in Banos performed similarly

Reducing numerical precision preserves classification accuracy in Mondrian Forests
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