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What are the root causes of these industrial accidents?

Floating-point calculations!

Ariane 5
$370 millions (1996)

[Insider][ESA][Wikipedia] [Wikipedia]

Rounding errorOverflow Bug in floating-point division

For more stories on this subject:

Forum on Risks to the Public in Computers and Related Systems
ACM Committee on Computers and Public Policy.

Vancouver Stock Exchange
Index drop -50% (1983)

Intel Pentium Bug
$475 millions (1994)
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https://www.businessinsider.com/us-soldiers-heading-to-israel-for-joint-missile-training-2012-10?utm_source=copy-link&utm_medium=referral&utm_content=topbar
https://www.esa.int/ESA_Multimedia/Images/1998/01/Ariane_501_explosion#.ZFlowmS8kPU.link
https://fr.wikipedia.org/wiki/Ariane_5
https://en.wikipedia.org/wiki/Pentium_FDIV_bug


To build a numerically robust scientific pipeline is complex

Numerical stability is a recurring topic in HPC

● Numerical errors at every step

● Large and complex codes

● Long-lifespan code (10~30 years)

● Hardware and software updates

● Architectural evolution cycle

● Highly heterogeneous architectures

4



How does numerical variability arise?

Floating point arithmetic (encoding 

real number in computer) has limited 

precision, is not associative and has 

deterministic rounding. This leads to:

● Rounding-error, catastrophic 

cancellation, overflow, underflow

● Snowball effect: errors accumulate

● OS, software and hardware updates 

amplify this snowball effect

● Ill-conditioned problems are 

sensitive to these perturbations  

sign exponent significand

IEEE-754 standard floating-point model

Encode scientif ic not ation

1 p
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How does numerical variability arise?

sign exponent significand

IEEE-754 standard floating-point model

Encode scientif ic not ation

1 p

Monte Carlo Arithmetic (MCA) [Parker97]

sign exponent signif icand

noise

Simulate round-off errors with randomness

part of Stochastic Arithmetic family

virtual precision

Floating point arithmetic (encoding 

real number in computer) has limited 

precision, is not associative and has 

deterministic rounding. This leads to:

● Rounding-error, catastrophic 

cancellation, overflow, underflow

● Snowball effect: errors accumulate

● OS, software and hardware updates 

amplify this snowball effect

● Ill-conditioned problems are 

sensitive to these perturbations  
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https://citeseerx.ist.psu.edu/document?repid=rep1&type=pdf&doi=3b55cfb2325bc081f113612204733c2a3bd650fe


Metrology

● Accuracy and trueness are hard to measure without ground truths
● Precision does not require a reference

7



Linear 2x2 system with Cramer’s rule

Ill-conditioned system

● Solves Ax=b using Cramer’s rule

● Exact solution is x=(2 -2)

● Condition number 

~2.5x108 → 28 bits

● 1000 MCA repetitions per precision

Significant digits

● Signal to noise ratio magnitude

● Rigorous extension in [Sohier21]

binary32 (p=24) → x=(1.50000000000000000 -1.50000000000000000)

binary64 (p=53) → x=(1.99999999583666366 -1.99999999722444244)
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Is increasing precision always enough?

Muller’s sequence:

● To which value converge this sequence?
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Is increasing precision always enough?  NO

Muller’s sequence:

● To which value converge this sequence?
○ Exact value is 6 …
○ but it converges to 100 for any finite precision arithmetic 

The recurrence converges to 6 in exact arithmetic. In floating-

point arithmetic, however, rounding errors perturb the

computed trajectory toward the spurious limit 100, one of the 

other roots of the fixed-point polynomial:
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Is increasing precision always enough? NO

Muller’s sequence:

● To which value converge this sequence?
○ Exact value is 6 …
○ but it converges to 100 for any finite precision arithmetic
○ using MCA helps visualising the bifurcation

The recurrence converges to 6 in exact arithmetic. In floating-

point arithmetic, however, rounding errors perturb the

computed trajectory toward the spurious limit 100, one of the 

other roots of the fixed-point polynomial:
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Verificarlo
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Verificarlo architecture

[Denis15, Chatelain18, Chatelain19, Sohier21, Pepe26.1]

● Compiler based on clang (C,C++) / flang (Fortran) 

● Replaces floating-point operations with generic function calls
● Instrumentation occurs before code generation (catching compiler optimizations effects)
● Selection of alternative floating-point models (backend) at runtime 

● Linux / x86-64 / AArch64 architectures

github.com/verificarlo/verificarlo
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http://github.com/verificarlo/verificarlo


VPREC: Evaluating reduced-precision dynamically

VPREC (Virtual PRECision)

● Emulates reduced precision in software (faithful rounding)

● Fine granularity (exponent & mantissa bits)

● Low overhead (3~15x)

● Integrated into Verificarlo and Verrou

● Allows testing new formats dynamically (without recompilation)

[Chatelain19]​​16



Coupling VPREC with temporal analysis

[Chatelain19]​​

Strategies for finding the best 

configuration, combining temporal 

analysis and reduced precision

TemporalSpatial

Numerical
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Exploration on an industrial use case: YALES2

Solver for two-phase combustion
● From primary atomization to pollutant prediction

Deflated Preconditioned Conjugate Gradient
● Fine grid is geometrically projected on a coarse grid

● CG is applied on the coarse grid and on the fine grid
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Mixed-precision improves performance

Reduced precision helps to:
● Speed up calculations

● Reduce memory footprint 

● Reduce the volume of exchanged communications (MPI)

[Chatelain19]​​19



Python code instrumentation

lib m

github.com/verificarlo/fuzzy

[Kiar20,Pepe26]

Fuzzy
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https://github.com/verificarlo/fuzzy


PRISM : Probabilistic Rounding with Instruction Set Management

● Low-overhead implementation of Stochastic 

Rounding (SR) [Fasi21]

● Vectorized implementation (based on Google Highway)

● Selects “best” implementation at runtime
○ x86-64: SSE4.2, AVX, AVX2, AVX-512, …

● Uses direct instrumentation for better 

performance
○ No backend change possible at runtime (VFC_BACKENDS)

○ Virtual precision selectable

→ Makes SR + Pytorch tractable on CPU 

Fuzzy

github.com/big-data-lab-team/fuzzy-pytorch
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PRISM: SR 50x faster than SOTA tool

MNIST [LeCun98]
Inference execution time for 
10,000 images (single-thread) 

FastSurfer [Henschel20]
U-net type CNN
Complete brain segmentation
Execution time per slice

WavLM [Chen22]
Speech recognition
Parkinson’s detection
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Comparison of the numerical quality of embeddings

Test cases:
● MNIST: First convolutional layer. (Top)

● FastSurfer: Output of the 2nd decoder block. (Bottom)

Results:

● MNIST: stable embeddings

● FastSurfer: Low quality in the background of the embeddings but 

stable final outputs

Origin of instability (FastSurfer):

● Localized outside the brain region

● Caused by unstable indices generated by max-pooling

● Post-processing masks the instability in the background

Conclusion:

● Consistent results between Fuzzy PyTorch and Verrou.

[Pepe26.2]​​23



Ensuring numerical quality through software updates

To use numerical variability to quantify acceptable bound on results:

● Proof-of-concept on neuroimaging (fMRIPrep)
● Generalizable to other domains

[Chatelain24]​​

Automatic detection of a 

significant change

introduced with the LTS 

20.2.5 version
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How to identify numerical instabilities?

github.com/verificarlo/verificarlo/ tree/veritracer

[Chatelain18]​

JavaIDE, Damien Thenot’s internship

github.com/big-data-lab-team/pytracer

[Chatelain22]​​
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To trace precisely the numerical instability

Same function, different behavior
● Trace of Simpson’s integral (abinit)
● 1 color = 1 call-site path (CSP)
● Compensated version improves 

precision (Dot2, [Ogita02])
● 1 CSP has error’s reentrance

Fine-grained level visualization
● facial recognition example (scipy)
● randomized SVD with segvd
● precision drops for smaller values
● potential for dimensionality 

reduction
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Conclusion

Three takeaways

● Numerical error is measurable: 

○ stochastic arithmetic turns "do I trust this result?" 

into an observable quantity, without needing a 

ground truth

● More precision is not a silver bullet:

○ Muller's sequence converges to the wrong value at 

every finite precision

○ ill-conditioning has to be diagnosed and not out-

precisioned

● The same instrumentation answers three 

different questions: 
○ is it right? (SR)

○ how little precision do I need? (VPREC) 

○ where does it break? (VeriTracer, PyTracer)

What the toolchain gives you today

● One compilation, several numerical models 

selected at runtime
○ no recompile to switch backend or virtual precision

● Full-stack coverage: 
○ C/C++/Fortran (Verificarlo)

○ Python & libm (Fuzzy) 

○ PyTorch (PRISM / Fuzzy PyTorch)

● Overheads compatible with real workloads: 
○ VPREC 3-15×

○ PRISM ~50× faster than state-of-the-art SR 

○ SR on AI models is now tractable on CPU

Demonstrated end-to-end

● YALES2 → mixed precision cuts time, 

memory footprint, and communication 

volume on a production combustion 

solver

● FastSurfer → instability localized to max-

pooling index selection, outside the brain 

mask; final segmentation stable

● fMRIPrep → automatic detection of a 

significant numerical change introduced 

at LTS 20.2.5
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IEEE-754 floating-point model
sign exponent significand

IEEE-754 standard floating-point model
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-1
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Stochastic rounding methods

CESTAC

SR-nearess

MCA
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● C++ library with a DSL to express vector instructions 

● Static mode with code generation for target architectures 

● Dynamic mode with automatic selection of the best architecture at runtime 

● Wide range of supported architectures and ISAs: 

○ Arvmv7+ : Neon and SSE
○ IBM Z : z14, z15
○ POWER : PPC8, PPC9, PPC10
○ RISC-V : RVV
○ WebAssembly : WASM
○ x86 : SSE2, SSSE3, SSE4, AVX2, AVX3 (AVX-512F), 

AVX3_DL, AVX3_ZEN4, AVX3_SPR
Very good compromise between

performance, portability, and modularity! 

Google’s Highway Library
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Reducing numerical precision preserves classification accuracy in Mondrian Forests

Marc Vicuna, Martin Khannouz, Gregory Kiar, Yohan Chatelain, Tristan Glatard

2021 IEEE International Conference on Big Data (Big Data)
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